The following paper has for its purpose the establishment of two theorems :
Statement of the problem.
The following paper has for its purpose the establishment of two theorems :
Theorem I. The quartic surface subjected to the single condition of passing through a non-hyper elliptic sextic curve of genus three is invariant under an infinite discontinuous group of birational transformations.
Theorem II. The transformations of the infinite discontinuous group under which the most general quartic surface passing through a sextic curve of genus two remains invariant can be expressed in terms of cremonian transformations.
In connection with the first theorem the equation of the surface is derived and the equations of the transformations are determined; it is shown that the transformations are cremonian and non-involutorial, and that no transformations exist other than those obtained.
It is believed that this surface is the first illustration of one which possesses an infinite discontinuous group, but contains neither a pencil of elliptic curves, nor a net of hyperelliptic curves of genus two. The equation of the surface mentioned in the second theorem is found, and also the equations of two involutorial space transformations which generate the infinite group.
1. Surfaces through a sextic of genus three 2. The cubic transformation.
Consider the birational transformations between the spaces (x) and (x') by means of the three bilinear equations* A = XXa; Xi x'k = 0, 77 = Ylbik Xi x'k = 0, (!) C = Y.°ik XiXk = 0 ( Oik + a*», bik + 6w, cm 4= c*« ). * Presented to the Society, January 1, 1915. t This transformation is discussed analytically by Doehelemann, Geometrische Transformationen, vol. 2, pp. 286-296, and synthetically by Sturm, Theorie der geometrischen Verwandtschaften, vol. 3, By solving these equations for x'k in terms of ari, ar2, ar3, ar4 we obtain (2) x'k = (hk(x) (fc-1,2,3,4).
The cubic surfaces cpk(x) =0 all pass through the fundamental curve of the transformation (2). This curve is a space sextic Cs of genus three, the most general of its kind. The ruled surface R» of order eight formed by the trisecants of C6 is the fundamental surface of the transformation.
It contains Co as a three-fold curve and no other multiple curve. Similarly, by solving the system (1) for ari we obtain (3) Xi = ii(x') (¿ = 1,2,3,4).
Let C6 and R's be respectively the fundamental curve and surface for the space 3. Equation of the surface. The equation of the most general quartic surface passing through C6 may be written in the form
By means of equations (2) and (3) we may write the equation of the transformed surface in the form (5)
A general plane section of Fi = 0 made by Y^m¡ ar¿ = 0 goes into the residual section of F'i = 0 with a cubic surface ^«¿ 4/i(x') = 0 passing through C6. This residual section is also a space sextic C'6 of genus three. Hence F'i = 0 contains <x>3 coresidual space sextic curves C6, images of the plane sections of ^4 = 0. Any two of the curves C'6 meet each other in four points.
Similarly, the surface ^4 = 0 contains °o3 coresidual space sextic curves C6, images of the plane sections of F'i = 0 under the transformation (3). Any two of the curves C6 meet in four points.
The points of C& are transformed into the generators of Rs. The intersection of F'i with R's consists of C6 counted three times and of a space curve C'u of genus three and order fourteen.
Since Ci¡ and C4 meet in six points, it follows that C'u and C'e meet in six points.
4. A second cubic transformation. Equation (4) If we consider the fourth bilinear equation D = 0 we see from (6) that F4 = 0 is also transformed into F4 = 0 by the transformation defined by A = 0, B = 0, D = 0, and by two other similar ones. These transformations are distinct for an arbitrary point of space but, from a known property of determinants,* they are identical for points of F4 = 0. From the form of equation (6) it is seen that F4 = 0 is also transformed into F\ = 0 by means of any three of the four bilinear equations
The four transformations thus obtained are distinct for an arbitrary point of space, but are identical for points of F4 = 0.
We shall designate the transformation defined by (2) by Ti, and its inverse (3) by 7Y1. Similarly, that defined by (7) by T2, and its inverse by T2l.
By means of T2 the planes of ( x ) are transformed into cubic surfaces of ( x' ) which have a fundamental curve of order six and of genus three in common. The surface ^i(x') =0 is the image of xi = 0 by both transformations, which have different fundamental curves, namely, the two sextics which together form the complete intersection of ypi ( x' ) = 0 with F¡ = 0. Hence we see that C'6 belongs to a triply infinite system of coresidual curves, any two of which have four points in common.
Similarly for the systems on F4 = 0. 5. An infinite discontinuous group. The product of the two transformations T\, T2X leaves F i = 0 invariant.
By T\ a plane section is transformed into a space sextic of (x'), which by T2l is transformed into a C\4 of (a;). Since the two transformations do not have common fundamental elements, the product T\ T2l is not periodic and therefore generates an infinite group.
6. Linear systems of curves on F4 = 0. If we apply the method used by Severi in his study of the quartic surface through a sextic curve of genus twof we may choose the plane sections C4 and one system of sextics C6 for a minimum basis. The other system of sextics has the symbol 3C4 -Ce. Any system of curves on the surface is expressible in the form XC4 + uCq , in which X and ¿i are integers.
If the curve is of grade n and of genus x, we have the formula n = 2x -2 = 4X2 + 12Xm + 4/x2. 
These surfaces are evidently not linearly equivalent.
The transformation a, which should interchange the plane sections and the sextics of one family, is thus seen not to exist. Similarly, the operation t , which should change the plane sections into one system of sextics and the other system of sextics into the plane sections, does not exist. Hence the only effective transformations are powers of r2.
2. The general quartic surface through a sextic curve of genus two* 9. Cubic surfaces through a sextic curve of genus two. A space sextic curve CB of genus two has one quadrisecant 54. A plane through s4 cuts Ce m two residual points. The locus of the lines joining these residual points as the plane turns about s4 is a cubic ruled surface f3 = 0 having s4 for double iirectrix.
Through C6 pass two other linearly independent cubic surfaces /i = 0 and f2 = 0. Since s4 lies on /i = 0 and f2 = 0, their residual intersection is a conic. The equations of the conic may be taken as Since C6 and s4 lie on Kb -0 and on/3 = 0, by combining (8) and (9) 
Í2 -Xz { ( S -kP ) Xi Xi -Px2 Xi + Pxi x3 + Xi ( pxi + sx2 )} -ari{Rxl + Xi (qxi + rx2) + x2(ax\ + bxix2 + cxl)} = 0.
10. Quartic surfaces through C6. The equation ^mikXifk = 0 represents a quartic surface passing through c6, but it also passes through s4. The equation contains but eleven independent homogeneous constants, since ari/i 4-ar2/2 + ^3/3 vanishes identically.
If F = 0 is the equation of a quartic surface through C6 but not through s4, the equation <t>i = F + ^jfíiik Xifk = 0 represents a surface passing through Ce and containing eleven non-homogeneous constants; it is therefore the most general quartic surface through Ce.
We may take for F = 0 a quartic having ar3 = 0, ar4 = 0 for double line. The intersection of F = 0 and /3 = 0 is C6 and a residual sextic C6 of genus two, having s4 for quadrisecant, and meeting C6 in twelve other points. Since any quartic surface through C6 but not through s4 will suffice, we may think of the residual C6 as composite and as projected from (0, 0, 1, 0) by the composite quintic cone (11) x\{(Sxi + Px2)(x\ + kxix2 + x\) 4-A»rîar2} = 0.
To obtain the equation of F = 0 we write the general equation of a quartic passing through x3 = 0, ar4 =0 twice, and determine the coefficients from the condition that, if ar3 is eliminated by means of (8), the resultant shall be [January composite, having for factors the first members of (2) 4-Pcx\ x\ -0.
Through the composite C6 determined by (8) and (11) We shall say that (XQ') becomes (XQ") and that ^Ai x¡ goes into ^A'i x,-.
11. Involutorial transformations of <¿>4 = 0. In every plane through (0,0,0, 1 ) the quartic surface determines a line which meets each of two conies in two points. These four points lie on the given quartic surface. points, one of which is P; hence the coordinates of the other are rational functions of those of P. This operation defines an involutorial transformation 7i under which the surface tpt = 0 is invariant. If we substitute the coordinates of P in (XQ") = 0 instead of in (XQ) = 0, and proceed in the same way, we obtain a second involution I2.
12. Depiction on a double plane. If Xi, X2, X3 are taken as the coordinates of a point A* in a plane then K corresponds to both P and to the image Pi in 7i, hence the surface <p4 = 0 is depicted on a double plane. When P and Pi coincide, the line ( Xar ) = 0, YJ.4 ¡ ar,-= 0 is tangent to the quadric ( XQ ) = 0. If we eliminate the coordinates ar¿ from these equations and the equation which expresses the condition for tangency, we obtain the equation of the sextic curve of branch points on the double plane.* 13. Involutions expressed by cremonian transformations. When the point P = (yi, y2,y3, yi) is not on the surface ipi = 0, consider the pencil of quartic surfaces li <pi + l2f3 Y^w, ar,-= 0, and choose h : l2 so that the surface passes through P. 
2/3 = -0-(Xi #22 y2 + X2 H2i yx ), from which 2/4 can be found in terms of ( y' ) by means of h 5Z^¿ 2/í 4-h Xi X)M¿ Vi ■ 0 • * See Fano, loe. cit., p. 1071.
Since h, l2, Xi, X2, X3 have exactly the same values when expressed in terms of (y) as of (y1), therefore equations (12) have also the same form whether solved for y i in terms of ( y' ), or for y ■ in terms of ( y ), and are applicable for every point of space. Similarly for the involution 72. Hence we have the theorem:
Theorem. The involutions 7i, 72, belonging to the quartic surface through a sextic curve of genus two, can be expressed in terms of cremonian transformations which are birational and involutorial for all space.
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